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We investigate the equilibrium and real-time properties of the spin correlation function 〈~S1~S2〉
in the two-impurity Kondo model for different distances R between the two-impurity spins. It is
shown that the competition between the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction and
the Kondo effect governs the amplitude of 〈~S1~S2〉. For distances R exceeding the Kondo length
scale, the Kondo effect also has a profound effect on the sign of the correlation function. For
ferromagnetic Heisenberg couplings J between the impurities and the conduction band, the Kondo
effect is absent and the correlation function only decays for distances beyond a certain length scale
introduced by finite temperature. The real-time dynamics after a sudden quench of the system
reveals that correlations propagate through the conduction band with Fermi velocity. We identify
two distinct timescales for the long time behavior which reflects that for small J the system is driven
by the RKKY interaction while for large J the Kondo effect dominates. Interestingly, we find that
at certain distances a one-dimensional dispersion obeying (k) = (−k) may lead to a local parity
conservation of the impurities such that 〈~S1~S2〉 becomes a conserved quantity for long times and
does not decay to its equilibrium value.
PACS numbers: 03.65.Yz, 73.21.La, 73.63.Kv, 76.20.+q
I. INTRODUCTION
Quantum impurity systems are promising candidates
for the realization of solid-state-based quantum bits [1–5].
The perspective of combining traditional electronics with
novel spintronics devices leads to an intense research of
controlling and switching magnetic properties of such sys-
tems. Magnetic properties of adatoms on surfaces [6–11]
or magnetic molecules [12–19] might serve as the smallest
building blocks for such devices.
From a theoretical perspective, the two-impurity
Kondo model (TIKM) [20–24] constitutes an important
but simple system which embodies the competition of in-
teractions between two localized magnetic moments with
those between the impurities and the conduction band.
The TIKM has been viewed as a paradigm model for
the formation of two different singlet phases separated
by a quantum critical point (QCP): a Ruderman-Kittel-
Kasuya-Yosida (RKKY) [25–27] interaction induced sin-
glet and a Kondo singlet [28]. This quantum critical point
investigated by Jones and Varma (see Refs. [20, 21, 29]),
however, turned out to be unstable against particle-hole
(PH) symmetry breaking [24]. The two different singlet
phases are adiabatically connected by a continuous vari-
ation of the scattering phase. This led to the conclusion
that for finite distances between the impurities no QCP
exists, and the original finding is just a consequence of
unphysical approximations [23] which is generically re-
placed by a crossover regime [30]. Only recently, it has
been shown [31] that for certain dispersions and distances
between the impurities the TIKM exhibits a QCP be-
tween two orthogonal ground states with different de-
generacy.
In this paper, we examine the equilibrium as well as
non-equilibrium properties of the spin-correlation func-
tion 〈~S1~S2〉(R) for different distances R between both
impurity spins using the numerical renormalization group
(NRG) [32, 33] and its extension to the non-equilibrium
dynamics, the time-dependent NRG (TD-NRG) [34, 35].
Previously, the spatial dependence of the equilibrium
properties has been mainly studied using a simplified
density of states (DOS) [20, 21, 36] that suppresses the
antiferromagnetic (AFM) correlations [24]. In this paper,
we include the full energy dependency of the even- and
odd-parity conduction-band DOSs that properly encode
the ferromagnetic (FM) as well as the antiferromagnetic
contributions to the RKKY interaction. This approach
generates the correct RKKY interaction and does not re-
quire adding an artificial spin-spin interaction to account
for this term [20, 21, 36].
In order to set the stage for the investigation of the
non-equilibrium quench dynamics, we present results for
the impurity spin-correlation function 〈~S1~S2〉(R). For an
isotropic dispersion in one dimension, we find that the
amplitude of 〈~S1~S2〉(R) is completely governed by the ra-
tio between the distance of the impurities and the Kondo
length scale R/ξK. ξK = vF/TK is often referred to as the
size of the Kondo screening cloud where vF denotes the
Fermi velocity of the metallic host and TK denotes the
Kondo temperature. For small distances R < ξK and
vanishing temperature, step like oscillations between fer-
romagnetic and antiferromagnetic correlations can be ob-
served for 〈~S1~S2〉(R) due to the RKKY interaction. In-
terestingly, at large distances R ≥ ξK the ferromagnetic
correlations vanish and only small antiferromagnetic cor-
relations between the impurities are found. These weak
antiferromagnetic correlations are related to the PH sym-
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2metry breaking in the two parity channels and vanish for
R→∞.
For a ferromagnetic coupling between the impurities
and the conduction band, the Kondo effect is absent, and
a constant amplitude for the correlations is observed at
zero temperature even for R→∞. A finite temperature
introduces a new length scale beyond which correlations
are exponentially suppressed.
The time dynamics of the correlation function
〈~S1~S2〉(R, t) is examined after a quench in the cou-
pling strength between the impurities and the conduction
band, starting from initially decoupled impurities. Ex-
perimentally, such quenches can be realized with strong
laser light [37]. We have identified two distinct timescales
characterizing the long-time behavior: The RKKY in-
teraction drives the dynamics for small Kondo coupling
whereas a timescale ∝ 1/√TK indicates that the physics
is dominated by the Kondo effect at large Kondo cou-
pling.
The correlation function approaches its equilibrium
value in the steady state for most distances. For spe-
cial R, however, it remains almost constant although
the RKKY interaction reaches a ferromagnetic maximum
for those distances. Focusing on a dispersion of a in-
version symmetric one-dimensional (1D) lattice, parity
conduction-band states decouple from the impurities at
low temperatures, thus enforcing a local impurity par-
ity conservation such that 〈~S1~S2〉 becomes a conserved
quantity for long times.
We combined the time-dependent correlation functions
for different but fixed distances into a two-dimensional
(2D) spatial-temporal picture of the real-time dynam-
ics. It allows for better visualization of the the propa-
gation of correlations. Starting from a distance around
kFR/pi = 0.5 a ferromagnetic correlation emerges which
afterwards propagates with the Fermi velocity vF, defin-
ing a light cone [38, 39], through such a fictitious two-
impurity Kondo system with variable impurity distance
R.
II. MODEL AND METHODS
A. Mapping the model onto an effective two-band
model
While Wilsons original NRG approach [32] was only
designed to solve the thermodynamics of one localized
impurity, the NRG was later successfully extended by
Jones and Varma (see Refs. [12, 20, 21, 24, 36, 39, 40])
to two impurities separated by a distance R. For this
purpose the conduction band is divided into two bands,
one with even-parity and one with odd-parity symme-
try, the effective DOSs of which incorporated the spatial
extension. In the following, we briefly summarize this
procedure for the TIKM.
The Hamiltonian of the TIKM can be separated into
three parts H = Hc + Hint + Hd. Hc contains the
conduction-bandHc =
∑
~k,σ ~kc
†
~k,σ
c~k,σ where c
†
~k,σ
creates
an electron with spin σ and momentum ~k. The interac-
tion between the conduction band and the impurities is
given by
Hint =J
(
~S1~sc(~R1) + ~S2~sc(~R2)
)
, (1)
where the impurity ~Si located at position ~Ri is cou-
pled via the effective Heisenberg coupling J to the unit-
cell volume averaged conduction electron spin ~sc(~r) =
Vu~s(~r). Here, ~s(~r) is the conduction band spin density
operator expanded in planar waves
~s(~r) =
1
2
1
NVu
∑
σσ′
∑
~k~k′
c†~kσ[~σ]σσ′c~k′σ′e
i(~k′−~k)~r, (2)
with N being the number of unit cells in the volume V ,
Vu = V/N the volume of such a unit cell, ~k a momen-
tum vector and ~σ a vector of the Pauli matrices. In the
following, we set the origin of the coordinate system in
the middle of the two impurities such that ~R1 = ~R/2 and
~R2 = −~R/2.
HD comprises all contribution acting only on the impu-
rities
Hd =K~S1~S2, (3)
with the direct Heisenberg interaction K between two-
impurity spins. Unless stated otherwise, we use K = 0
throughout this paper.
Instead, the correlations between the two-impurity
spins are caused by the indirect Heisenberg interaction
KRKKY ∝ J2 which is mediated by the conduction-band
electrons [25–27].
Exploiting the symmetry [12, 20, 21, 24, 36, 39–41],
the conduction electron band is mapped onto the two
distance and energy dependent orthogonal even-parity
(e) and odd-parity (o) parity eigenstate field operators
cσ,e/o() =
∑
~k
δ(− ~k)c~k,σ
(
e+i
~k ~R/2 ± e−i~k ~R/2
)
Ne/o(, ~R)
√
Nρc()
. (4)
Here ρc() is the DOS of the original conduction band and
the dimensionless normalization functions are defined as
N2e (, ~R) =
4
Nρc()
∑
~k
δ(− ~k) cos2
(
~k ~R
2
)
(5a)
N2o (,
~R) =
4
Nρc()
∑
~k
δ(− ~k) sin2
(
~k ~R
2
)
(5b)
such that cσ,e/o() fulfill the standard anticommutator re-
lation {cσ,p(), c†σ′,p′(′)} = δσ,σ′δp,p′δ(− ′). With these
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FIG. 1. Normalization functions of Eq. (7) for a linear
dispersion in one dimension for two different distances kFR =
pi (red) and kFR = 2pi (blue). For these distances either
the even (solid) or the odd (dashed) normalization function
exhibits a pseudo-gap at  = 0.
even- and odd-parity conduction band states the interac-
tion part of the Hamiltonian reads
Hint =
J
8
∫ ∫
d d′
√
ρc()ρc(′)
∑
σσ′
~σσσ′ (6)
×
[
(~S1 +~S2)
∑
p
(
Np(, R)Np(
′, R)c†σ,p()cσ′,p(
′)
)
+(~S1 −~S2)Ne(, R)No(′, R)
(
c†σ,e()cσ′,o(
′) + h.c.
)]
.
It is important to note that due to the energy dependent
factors Np(, R), the model will generally be particle-hole
asymmetric even if the original conduction band and,
therefore, the original DOS ρc() are particle-hole sym-
metric. For Ne(, R) 6= No(, R) this asymmetry will gen-
erate potential scattering terms that are different for the
even and odd conduction bands and lead to the destruc-
tion of the Jones and Varma QCP (see Refs. [24, 42]).
Up until now we have not specified the dispersion of the
conduction-band. Unless stated otherwise, we will use
a 1D linear dispersion (k) = vF(|k| − kF) throughout
this paper which yields for the normalization functions
[39, 40][
N1De/o(, R)
]2
ρc() = 2ρc()
(
1± cos
[
kFR(1 +

D
)
])
,
(7)
with the half band width D = vFkF.
[
N1De/o(, R)
]2
are
plotted for the two different distances kFR/pi = 1 and 2
in Fig. 1. Note that one of the normalization functions
exhibits a pseudo-gap at the Fermi energy  = 0 for dis-
tances kFR/pi = n, with n = 0, 1, 2, . . . as a consequence
of the dispersion (k) = (−k) [31] employed here. This
can also be seen from the definitions in Eqs. (7). It has
been pointed out that the absence of the screening in
one of the parity channels leads to the breakdown of the
two-stage Kondo screening process and the emergence of
a new kind of quantum critical point in the TIKM [31].
This has also a profound effect on the time dynamics of
the TIKM.
In addition to the emergence of the pseudo-gap, both
normalization functions are particle-hole symmetric for
these special distances and, thus, lead to a completely
particle-hole symmetric model.
B. Non-equilibrium dynamics and the TD-NRG
In order to calculate the real-time dynamics of the
TIKM, we employ the TD-NRG, which is an extension
of the standard NRG.
The TD-NRG [34, 35] is designed to calculate the full
non-equilibrium dynamics of a quantum impurity system
after a sudden quench: H(t) = H0Θ(−t) +HfΘ(t).
For this purpose, the initial state of the system is de-
scribed by the density operator
ρ0 =
e−βH0
Tr [e−βH0 ]
, (8)
until at time t = 0 the system is suddenly quenched.
Afterwards, the system is characterized by the Hamilto-
nian Hf and the time evolution of the density operator
is given by
ρ(t ≥ 0) = e−itHf ρ0eitHf . (9)
By means of the TD-NRG the time-dependent expec-
tation value O(t) of a general local operator O should
to be calculated. In this paper, the local operator is
given by the spin-correlation function of both impurities
O = 〈~S1~S2〉.
The time evolution of such local operators can be writ-
ten as [34, 35]
〈O〉(t) =
N∑
m
trun∑
r,s
eit(E
m
r −Ems )Omr,sρ
red
s,r (m), (10)
where Emr and E
m
s are the NRG eigenenergies of the
Hamiltonian Hf at iteration m ≤ N , Omr,s is the matrix
representation of O at that iteration, and ρreds,r (m) is the
reduced density matrix defined as
ρreds,r (m) =
∑
e
〈s, e;m|ρ0|r, e;m〉. (11)
in which the environment is traced out. In Eq. (10) the
restricted sums over r and s require that at least one of
these states is discarded at iteration m. The temperature
TN ∝ Λ−N/2 of the TD-NRG calculation is defined by the
length of the NRG Wilson chain N and enters Eq. (8).
Here, Λ > 1 denotes the Wilson discretization parameter.
The TD-NRG comprises two simultaneous NRG runs:
one for the initial Hamiltonian H0 in order to compute
the initial density operator ρ0 of the system in Eq. (8)
and one for Hf to obtain the approximate eigenbasis gov-
erning the time evolution in Eq. (10).
4This approach has also been extended to multiple
quenches [43], time evolution of spectral functions [44]
and steady state currents at finite bias [45–47]. The only
error of this method originates from the representation
of the bath continuum by a finite-size Wilson chain [32].
This error is essentially well understood [48, 49] and may
lead to artificial oscillations and slight deviations of the
long time value from the exact result. These can be re-
duced by using an increased number of NRG z-tricks [50].
III. EQUILIBRIUM
A. Antiferromagnetic coupling J
Two characteristic length scales have been identified
[39, 40] in the TIKM with an antiferromagnetic J for
T = 0: the inverse Fermi momentum 1/kF and the Kondo
length scale ξK = vF/TK with the Kondo temperature
TK =
√
ρJe−1/ρJ . The length scale 1/kF defines the
oscillations of the RKKY interaction and its envelope.
As ξK changes exponentially with the Kondo coupling
J , we use different J to examine the different distances
R < ξK and R > ξK.
The impurity spin-correlation function 〈~S1~S2〉(R) is
shown in conjunction with the RKKY interaction
(dashed line) in Fig. 2(a) for different couplings J . For
R  ξK (small Kondo couplings J) one can clearly ob-
serve oscillations between ferromagnetic and antiferro-
magnetic correlations caused by the RKKY interaction.
For an effective ferromagnetic RKKY interaction, the im-
purity spins align parallel while for an antiferromagnetic
interaction they align antiparallel.
For these small distances R  ξK the impurity spins
are located inside the respective screening cloud of the
other impurity and are not completely screened by the
conduction electrons. Therefore, the Kondo effect has
almost no effect on 〈~S1~S2〉(R), which can be seen by a
comparison with Fig. 4(a) showing 〈~S1~S2〉(R) for ferro-
magnetic couplings J where the Kondo effect is absent.
Note that 〈~S1~S2〉(R) does not decay but instead ex-
hibits step like oscillations with a constant amplitude
since it reflects the ground-state properties of two free
impurity spins which are coupled via a Heisenberg inter-
action. Even for an infinitesimal small effective Heisen-
berg interaction between the impurity spins, the spins
align completely parallel or antiparallel at T = 0.
This behavior is modified for larger couplings J , where
R ξK is not valid anymore due to an increasing Kondo
temperature. Upon lowering the temperatures, the spins
begin to align parallel or antiparallel until the Kondo
temperature TK is reached, at which the impurities are
screened by the conduction electrons and, hence, the cor-
relation function does not change anymore. The exact
value of the correlation function depends on the ratio be-
tween the RKKY interaction and the Kondo temperature
KRKKY/TK [20].
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FIG. 2. (Color online) (a) The 〈~S1~S2〉(R) correlation func-
tion plotted against the distance kFR/pi for different antifer-
romagnetic couplings J . The red dashed line depicts the 1D
RKKY interaction ∝ 1/R in arbitrary units. Note that for
distances R ≈ ξK (large J values) the ferromagnetic correla-
tions around kFR/pi = n begin to vanish. For R  ξK only
at exactly kFR/pi = n ferromagnetic correlations persist. (b)
Correlation function for the distances kFR/pi = (n + 0.11)
and different couplings J plotted against the rescaled distance
R/ξK. The inset shows the same data vs the distance R.
Furthermore, one should note that when the distance
approaches the Kondo length scale, R ∼ ξK, large J and
R in Fig. 2(a), the Kondo effect leads to a drastic depar-
ture from the conventional RKKY interaction [51]. While
for small J and R the position of the sign change of the
RKKY interaction agrees with the position of the sign
change of the correlation function, the latter is shifted
towards the integer distances kFR/pi = n with increasing
coupling J and distance R. The interval in the vicinity of
the distances kFR/pi = n where we observe ferromagnetic
correlation, therefore, shrinks and antiferromagnetic cor-
relations between the impurity spins emerge instead[22].
5Since ξK exponentially depends on the Kondo coupling
J , the precise distance R at which the ferromagnetic cor-
relations disappear is also J dependent. Therefore, one
almost only observes antiferromagnetic correlations be-
tween the impurities for R ξK.
In order to review the influence of the Kondo effect on
the ferromagnetic correlations, we calculated 〈~S1~S2〉(R)
at the distances kFR/pi = (n + 0.11) where we expect a
finite FM RKKY interaction. The results are shown in
Fig. 2(b) plotted as a function of the rescaled distance
R/ξK and as a function of R in the inset. The crossover
from FM to AFM is governed by the Kondo effect and
occurs once the distance exceeds R ∼ 0.53ξK.
Based on the observed universality, we can understand
this surprising sign change of the spin-correlation func-
tion within the strong coupling limit. For J → ∞, a
Kondo singlet is formed locally at each impurity site, and
the local conduction-band electron is antiparallel to the
local spin. In this case, the system consists of two Kondo
singlets which are decoupled from the remaining Fermi
sea with two missing electrons. In the generic case, how-
ever, the two bound states in the even-odd basis are sub-
ject to the potential scattering terms emerging from the
particle-hole asymmetry (see Sec. II A). These scattering
terms are different for the even and odd conduction-band
channel [24, 52] and, hence, generate a hopping term be-
tween the bound states in the real-space basis.
This hopping term evokes an antiferromagnetic inter-
action so that the two bound conduction electron spins
arrange in opposite orientation inducing an AF correla-
tion between the impurity spins as observed in Fig. 2(b)
for R/ξK > 1.
A word is in order to justify the choice kFR/pi =
(n + 0.11) as generic distance. kFR/pi = n leads to a
different physics [31] for a linear dispersion in one di-
mension considered here for two reasons: At first, one
of the two parity conduction bands develops a pseudo-
gap DOS at low temperatures, as depicted in Fig. 1, and
does not participate in the screening any more. Second,
at kFR/pi = n the system is perfectly particle-hole sym-
metric and the above-mentioned additional hopping term
between the bound conduction electrons does not appear.
Consequently, the system is equivalent to the physics at
R = 0 [12] for these distances and ferromagnetic correla-
tions remain for all integers n.
A similar behavior has also been observed in the single
impurity Kondo model (SIKM) for the correlation func-
tion 〈~S~s(R)〉 which measures the correlations between
the impurity spin and the spin density of the conduction
band in distance R to the impurity [39]. The ferromag-
netic correlations located at kFR/pi = (n + 0.5) vanish
for distances R > ξK and instead also antiferromagnetic
correlations appear in accordance with theoretical pre-
dictions [53, 54].
The inset of Fig. 3 shows the same correlation function
〈~S~s(R)〉 for the TIKM measuring the correlation between
an impurity spin and the conduction-band spin density
at the position of the second impurity located a distance
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FIG. 3. (Color online) The envelope |〈~S1~S2〉(R)| of the im-
purity spin-correlation function on a double logarithmic scale
plotted against the rescaled distance R/ξK. The rescaling
leads to a universal behavior. For large distances R  ξK
a 1/R2 decrease is observed. The inset shows the correla-
tion function 〈~S~s(R)〉 between an impurity spin ~S and the
conduction-band spin density ~s(R) at distance R from the
impurity.
R from the first impurity. To counteract the decay, the
correlation function has been rescaled with the distance
R for a better prospect. In comparison to the correla-
tion function for the SIKM, the second impurity leads to
a pi/2 phase shift such that now the antiferromagnetic
correlations around kFR/pi = n instead of the ferromag-
netic ones around kFR/pi = (n + 0.5) vanish. Conse-
quently, the ferromagnetic correlations between the im-
purity spins 〈~S1~S2〉(R) at the distances kFR/pi = n also
have to vanish since the RKKY interaction between the
impurity spins is mediated by the conduction band.
Figure 3 depicts the envelope of 〈~S1~S2〉(R) measured at
the distances kFR/pi = (n + 0.5). The universal behav-
ior of the envelope function is revealed by plotting the
data as a function of the dimensionless distance R/ξK.
This shows that the amplitude of the correlation func-
tion is completely governed by the distance dependent
RKKY interaction and the Kondo effect. For large dis-
tances R  ξK a ∝ 1/R2 behavior, indicated by the
solid line, is observed. At these large distances the im-
purities are located outside of the Kondo screening cloud
of the respective other almost completely screened im-
purity, therefore, the ∝ 1/R decay of the RKKY inter-
action in one dimension is enhanced to a ∝ 1/R2 decay.
The same ∝ 1/R2 behavior for R  ξK has also been
found for the correlation between an impurity spin and
the conduction-band spin density 〈~S~s(R)〉 in the SIKM
[39].
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FIG. 4. (Color online) (a) The 〈~S1~S2〉(R) correlation function
vs the distance kFR/pi for different ferromagnetic couplings
J . The red dashed lines depicts the 1D RKKY interaction
∝ 1/R in arbitrary units. (b) Temperature-dependent corre-
lation function for different couplings and the two different
distances kFR/pi = 1.0 (solid lines), where the RKKY in-
teraction is ferromagnetic, and kFR/pi = 0.5 (dashed lines),
where the RKKY interaction is antiferromagnetic. The inset
shows the fixed-point value of the correlation between an im-
purity spin and the spin density of the conduction electrons at
the position of this impurity 〈~Si~s(ri)〉 for different couplings
J and the two distances kFR/pi = 1.0 (red solid line) and
kFR/pi = 0.5 (blue dashed line).
B. Ferromagnetic coupling J and finite
temperatures
So far, we have only investigated the TIKM for an
antiferromagnetic coupling J where the Kondo effect is
present. We now extend our discussion also to ferromag-
netic J .
The correlation function 〈~S1~S2〉(R) for ferromagnetic
couplings as well as the RKKY interaction (dashed line)
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FIG. 5. (Color online) The envelope of 〈~S1~S2〉(R) for ferro-
magnetic couplings depicted on a double logarithmic scale.
For T = 0, the amplitude of the correlation function re-
mains constant for all distances. For the finite temperatures
T/D = 0.001 and 0.0001 a power-law decay is observed when
the RKKY interaction is smaller than the temperature T
which turns over into an exponential decay once the length
scale ξT = vF/T is reached.
is depicted in Fig. 4(a). Since the Kondo effect is absent,
there is no screening of the local moments with increasing
J in contrast to AFM J shown in Fig. 2(a). The correla-
tion function preserves its step like oscillations even for
very large ferromagnetic couplings.
Similar to the case for antiferromagnetic J , we observe
that the modulus of 〈~S1~S2〉(R) is reduced with increas-
ing |J |. However, the decrease is much weaker than for
antiferromagnetic J . This reduction cannot be caused by
a screening of the impurity and, therefore, must have a
different origin.
Figure 4(b) depicts the temperature dependent cor-
relation function for different ferromagnetic couplings J
and for the distance kFR/pi = 1.0 (solid lines), where
the RKKY interaction is ferromagnetic, as well as for
kFR/pi = 0.5 (dashed lines), where the RKKY interac-
tion is antiferromagnetic. For both regimes we observe (i)
a reduction of the modulus of the spin-correlation func-
tion with increasing Kondo coupling J and (ii) an simul-
taneous increase of the crossover temperature from two
uncorrelated spins at high temperatures to spin correla-
tion in the fixed-point.
For a ferromagnetic coupling J < 0, the effective cou-
pling in the NRG renormalization flow is renormalized
to zero Jeff → 0 for T → 0 [55]. As soon as the ef-
fective coupling is zero, a fixed point is reached and,
consequently, the correlation function reaches its fixed
point value. Note, however, that the operator content of
the renormalized operators is important: The larger the
Kondo coupling, the smaller the fraction of the original
spin that contributes to the effective spin degree of free-
dom that decouples from the conduction band. This is
7demonstrated in the inset of Fig. 4(b), which shows the
fixed-point value of the correlation between an impurity
spin and the spin density of the conduction electrons at
the position of this impurity 〈~Si~s(ri)〉 for different cou-
plings J . The correlations remain finite in the fixed point
even if the effective coupling is renormalized to zero since
only a part of the impurity spins decouples. The fraction
of the impurity spins which remains coupled to the con-
duction band is the larger the larger J is.
Therefore, for a finite coupling to the conduction band
the effective decoupled spins are reduced in the renormal-
ization flow until the fixed point is reached where Jeff = 0
which is the origin of the reduction of |〈~S1~S2〉(R)| for FM
and AFM RKKY couplings.
Note, however, that a clearly noticeable reduction of
the amplitude occurs only for very large ferromagnetic
couplings J .
An increasing crossover scale to the fixed point with
increasing J is not observed in the SIKM and can, there-
fore, be ascribed to a growing RKKY interaction ∝ J2
since it is the only additional effect in a TIKM with fer-
romagnetic couplings. We have also checked that an in-
creasing direct Heisenberg interaction between the im-
purity spins, as given in Eq. (3), with vanishing RKKY
interaction (R → ∞) has the same effect as a finite in-
direct RKKY interaction and also leads to an increasing
crossover scale. It is already known that the RKKY in-
teraction has a profound effect on the renormalization
flow of the TIKM for antiferromagnetic Kondo couplings
[56].
Figure 5 shows the envelope of the correlation function
for different ferromagnetic couplings and different tem-
peratures. As can be seen, for zero temperature T/D =
0, the amplitude is almost constant even for R → ∞.
This changes for the finite temperatures T/D = 0.001
and 0.0001 where a power-law decay is observed as soon
as the energy scale of the RKKY interaction is smaller
than the temperature. However, the finite temperature
also introduces a new length scale ξT = vF/T beyond
which the correlation function decays exponentially. The
same finite temperature behavior has also been found in
the SIKM for the correlation between the impurity spin
and the spin density of the conduction band at a distance
R from the impurity [40].
IV. REAL-TIME DYNAMICS OF THE TIKM
A. Spin-correlation function after a quench
The discussion of the equilibrium properties in the
previous section sets the stage for the investigation
of the real-time dynamics of the time-dependent spin-
correlation function 〈~S1~S2〉(R, t) after a quench of the
system. We focus on antiferromagnetic Kondo couplings
J > 0 and set the coupling of the impurities to the con-
duction band initially to zero J = 0 such that the impu-
rities are completely decoupled from the band. At time
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FIG. 6. (Color online) (a) The long-time behavior of
〈~S1~S2〉(R, t) after a quench in the coupling from ρJ = 0 to 0.2
for the three different distances kFR/pi = 0.51, 1.00 and 1.11.
(b) Time dynamics of 〈~S1~S2〉(R, t) after a quench in mag-
netic fields applied to the impurities from H1 = −H2 = 10D
to H1 = H2 = 0 for the same distances as in (a). NRG
parameters: λ = 3, Ns = 2000 and Nz = 32.
t = 0 the coupling is switched on to a finite antiferro-
magnetic value J > 0 and the time-dependent behavior
of 〈~S1~S2〉(R, t) is calculated using the TD-NRG by eval-
uating Eq. (10).
Figure 6(a) shows 〈~S1~S2〉(R, t) for times up to tD =
106 after such a quench for three different distances.
The RKKY interaction is antiferromagnetic at the dis-
tance kFR/pi = 0.51 and ferromagnetic for the distances
kFR/pi = 1.00 and 1.11. As can be seen, the correlation
function behaves very differently for the three different
distances, even for the two distances at which the RKKY
interaction is ferromagnetic and a similar behavior is ex-
pected.
A ferromagnetic correlation emerges for small times
8for all distances the origin of which is caused by a fer-
romagnetic wave propagating through the system as we
will show later. For the distance kFR/pi = 0.51, the
correlation function becomes antiferromagnetic only at
longer times and approaches its equilibrium value. Note
the log timescale in Fig. 6(a). The equilibrium value
of about 〈~S1~S2〉(kFR/pi = 0.51) ≈ −0.42 is, however,
not completely reached. For strong antiferromagnetic
interactions the two impurity spins form a singlet and
thus decouple from the conduction band [20, 21]. With-
out any additional relaxation mechanism, this decoupling
prevents the correlation function from reaching its equi-
librium value.
The RKKY interaction has a ferromagnetic maximum
for kFR/pi = 1.00. Strikingly, the correlation function
changes only for short times and remains almost constant
after the first ferromagnetic maximum. This surprising
behavior is related to the property of the dispersion, i.
e. (k) = (|k|) [31]. At special distances kFR/pi = n,
we observe that the impurity correlation function 〈~S1~S2〉
becomes a conserved quantity resulting in a fixed value
for 〈~S1~S2〉(R, t) for long times.
In order to understand this effect, one has to examine
the energy dependent normalization functions between
the impurities and the conduction band. For a 1D sym-
metric dispersion, either the even or the odd normaliza-
tion function in Eq. (7) exhibits a pseudo-gap at the
Fermi energy  = 0 for the distances kFR/pi = n, with
n = 0, 1, 2, . . . (see also Fig. 1). Due to the pseudo-gap
either Ne(0, R) = 0 or No(0, R) = 0 always vanishes at
the Fermi energy for these special distances. This also
leads to the fact that the last term of the Hamiltonian
in Eq. (6) proportional to ∝ (~S1 − ~S2)Ne(, R)No(′, R)
always vanishes on low energy scales for the distances
kFR/pi = n. This term is, however, responsible for
the correlation function to smoothly evolve from a spin
triplet to a singlet value or vice versa since it mixes elec-
trons from the even and odd conduction band via impu-
rity scattering processes. In a parity-symmetric TIKM
the global parity remains conserved; however, the local
impurity parity and the parity in the conduction bands
may change. Once this term vanishes, the band mixing
is suppressed and, therefore, the local impurity parity
becomes a conserved quantity at low-energy scales. Con-
sequently, the correlation function 〈~S1~S2〉(kFR/pi = n, t)
is fixed for long times due to parity symmetry.
Note that this effect is not necessarily restricted to 1D
dispersions. Generally, a dispersion is needed where at
certain distances either the even or the odd normaliza-
tion function in Eq. (5b) vanishes or, at least, almost
vanishes for small temperatures inducing a local parity
conservation.
At the distance kFR/pi = 1.11 the RKKY interaction
is also ferromagnetic, but the effective density of states
does not exhibit a pseudo-gap. 〈~S1~S2〉(R, t) approaches
its ferromagnetic equilibrium value, as expected. How-
ever, the equilibrium value of 〈~S1~S2〉(R) ≈ 0.2 is not
completely reached.
Although qualitatively the results remain unchanged,
the long-time limit of 〈~S1~S2〉(R, t) slightly depends on the
discretization parameter Λ of the NRG for times tD >
1000.
In order to demonstrate that the characteristic differ-
ence in the real-time dynamics of the correlation func-
tion is not only restricted to quenches in the coupling
J , Fig. 6(b) shows the behavior of 〈~S1~S2〉(R, t) after a
quench in magnetic fields applied to the impurity spins
from H1 = −H2 = 10D to H1 = H2 = 0. Since the
impurity spins are initially antiparallel aligned, the cor-
relation function starts from 〈~S1~S2〉(R, 0) = −0.25 at
t = 0. As can be seen, the behavior is very similar to
Fig. 6(a) such that for the distances kFR/pi = 0.51 and
1.11 the correlation function approaches its equilibrium
value while for kFR/pi = 1.00 it remains close to its ini-
tial value. Also note that the initial condition with an-
tiparallel aligned impurity spins is not parity symmetric;
however, the Hamiltonian driving the time dynamics is
parity symmetric and, therefore, leads to a local impu-
rity parity conservation for the distance kFR/pi = 1.00
for long times.
B. Short-time behavior
After presenting the real-time dynamics for all
timescales in the previous section, we now discuss the
short-time behavior in more detail.
For zero initial correlation function 〈~S1~S2〉(R, 0) = 0,
the first- and second-order contributions in a perturba-
tion expansion in J vanish so that the first non-vanishing
order is ∝ J3 (for details see Appendix A). The im-
purity correlation function 〈~S1~S2〉(R, t) calculated with
the TD-NRG is depicted in Fig. 7(a) for the distance
kFR = 0.51pi and different antiferromagnetic couplings
J . By rescaling the results with 1/J3 we demonstrate a
perfect agreement with the scaling prediction of the per-
turbation theory which becomes exact in the limit t→ 0.
Around this distance a ferromagnetic correlation devel-
ops where the peak position is only dependent on the re-
ciprocal band width, and, therefore, related to the Fermi
velocity. We will show below, that this peak will be lin-
early dependent on the distance R between the impuri-
ties, and is related to the information spread between the
two impurities.
The inset of Fig. 7(a) shows the correlation function
for the same distance and couplings plotted against the
rescaled time tJ . For the increase of the correlation func-
tion at times tJ < 1 again a universal short-time behav-
ior is found. We can, therefore, conclude that the initial
build up of the ferromagnetic wave is proportional to
∝ (tJ)3.
For the distances kFR/pi = n+0.5 the equilibrium cor-
relation function is antiferromagnetic since the RKKY
interaction reaches its largest antiferromagnetic ampli-
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FIG. 7. (Color online) (a) The short time behavior of the
spin-correlation function of the TIKM rescaled with 1/J3 for
different couplings J and the fixed distance kFR = 0.51pi.
The inset depicts 〈~S1~S2〉(R, t) against the rescaled time tJ .
Note that, due to the rescaling with J , the zero crossings
from positive to negative correlations at tJ ≈ 5 approximately
coincide for all J . (b) Short-time behavior for the distance
kFR = 1.00pi and different couplings J plotted against tD.
For this distance the zero crossings from positive to negative
correlations at tD ≈ 7 coincide without any rescaling of the
time. NRG parameters: λ = 3, Ns = 2000, Nz = 16.
tude during each oscillation cycle. However, 〈~S1~S2〉(R, t)
remains ferromagnetic for a relatively long time before
it later approaches its antiferromagnetic long-time value.
The inset of Fig. 7(a) reveals that the timescale of this
ferromagnetic range is given by 1/J since for the rescaled
time tJ the zero crossing from ferromagnetic to antifer-
romagnetic correlations is approximately tJ ≈ 5 for all
couplings J .
Figure 7(b) depicts the rescaled correlation function
〈~S1~S2〉(R, t)/J3 for the distance kFR = 1.00pi and dif-
ferent couplings. As before, a universal build up of the
(a)
−0.35
−0.3
−0.25
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
10−2 10−1 100 101 102 103 104 105 106
〈~ S
1
·~ S
2
〉(R
,t
)
t ·D
ρJ = 0.150
ρJ = 0.175
ρJ = 0.200
ρJ = 0.225
ρJ = 0.250
ρJ = 0.275
ρJ = 0.300
ρJ = 0.325
ρJ = 0.350
ρJ = 0.375
ρJ = 0.400
ρJ = 0.425
ρJ = 0.450
ρJ = 0.475
ρJ = 0.500
(b)
−0.2
0
0.2
0.4
0.6
0.8
1
1.2
10−3 10−2 10−1 100 101 102 103 104 105
f 0
.5
1
(t
)
t/tcor0.51
ρJ = 0.150
ρJ = 0.175
ρJ = 0.200
ρJ = 0.225
ρJ = 0.250
ρJ = 0.275
ρJ = 0.300
ρJ = 0.450
ρJ = 0.475
ρJ = 0.500
ρJ = 0.525
ρJ = 0.550
ρJ = 0.575
FIG. 8. (Color online) (a) 〈~S1~S2〉(R, t) for the distance
kFR/pi = 0.51 and different couplings J . (b) The reduced
correlation function f0.51(t) plotted against the rescaled time
t/tcor0.51. NRG parameters: λ = 6, Ns = 2000, Nz = 32, and a
TD-NRG damping α = 0.2.
ferromagnetic wave can be observed.
For this distance, however, the sign change from fer-
romagnetic to antiferromagnetic correlations is governed
by the inverse band width D that is proportional to the
Fermi velocity. Because of the decoupling of one effective
band, the local parity is dynamically conserved. The en-
ergy scale, and consequently also the timescale, of the
decoupling are defined by the distance between the im-
purities and the bandwidth of the conduction band D.
Therefore, due to the pseudo-gap formation at the dis-
tances kFR/pi = n, the relevant timescale is given by D.
C. Long-time behavior
We now turn to the investigation of the long-time
behavior for different couplings J . Figure 8(a) depicts
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4.13 (red
line) and tcor0.51
√
TK (blue line) plotted against ρJ .
the time-dependent correlation function for the distance
kFR/pi = 0.51 and different couplings J . The correlation
function reaches its long-time value 〈~S1~S2〉(R, t → ∞)
faster the stronger the coupling to the conduction band J
is. Furthermore, the long-time value |〈~S1~S2〉(R, t→∞)|
is reduced with increasing J , which coincides with the be-
havior observed in the equilibrium model (see Fig. 2(a)).
In order to identify a coupling dependent timescale on
which the correlation function decreases and approaches
its long-time value, we introduce the reduced correlation
function
f0.51(t) =
〈~S1~S2〉(kFR/pi = 0.51, t)− 〈~S1~S2〉min
〈~S1~S2〉max − 〈~S1~S2〉min
, (12)
where 〈~S1~S2〉max is the maximum ferromagnetic value
and 〈~S1~S2〉min is the value of the minimum after the de-
crease [57]. We use this function to define the coupling
dependent timescale tcor0.51 by the condition f0.51(t
cor
0.51) =
0.25. Figure 8(b) shows the reduced correlation func-
tion f0.51(t) plotted versus the rescaled time t/t
cor
0.51 for
different couplings J . We identify two distinct univer-
sal behaviors: one for small couplings ρJ < 0.3 (solid
lines) and one for larger couplings ρJ > 0.45 (dashes
lines). While for small couplings J the RKKY interac-
tion drives the physics, for larger couplings the Kondo
effect becomes dominant. This is in accordance with the
equilibrium physics discussed before.
For small couplings the inverse timescale 1/tcor0.51 shows
a power-law dependence 1/tcor0.51 ∝ J4.1, which is very
close to K2RKKY ∝ J4. In contrast, for larger couplings
we observe an exponential dependency on J which agrees
very well with
√
TK. In order to visualize the two differ-
ent dependencies of the timescale tcor0.51, Fig. 9 shows the
rescaled timescale tcor0.51 · J4.1 (red line) and tcor0.51 ·
√
TK
(blue line) plotted against ρJ . While for small cou-
plings tcor0.51 · J4.1 is almost constant, it starts to increase
for ρJ > 0.3. On the other hand, for large couplings
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FIG. 10. (Color online) (a) Time-dependent behavior of the
correlation function for the distance kFR/pi = 1.11 and differ-
ent couplings J . (b) The reduced correlation function f1.11(t)
plotted against the rescaled time t/tcor1.11. NRG parameters:
λ = 6, Ns = 2000, Nz = 32, and a TD-NRG damping α = 0.2.
ρJ > 0.4, the curve tcor0.51 ·
√
TK is almost constant. This
quantifies that the crossover between an RKKY domi-
nated physics for small J and a Kondo driven physics for
large J is also found in the characteristic timescales of
the non-equilibrium dynamics.
Figure 10 shows the long-time behavior of the corre-
lation function for different couplings and the distance
kFR/pi = 1.11. Since the RKKY interaction is ferromag-
netic for this distance, the correlation function increases
after the ferromagnetic wave has passed. We observe that
the correlation function reaches its long-time value faster
with increasing coupling strength J while the long-time
value 〈~S1~S2〉(1.11, t→∞) is reduced.
Interestingly, for large couplings ρJ > 0.3 the corre-
lation function first increases until its starts to decrease
and can even reach an antiferromagnetic long-time value
for couplings ρJ ≥ 0.475. This behavior is in accordance
11
with equilibrium results at low temperatures such that
for the distance kFR/pi = 1.11 and couplings ρJ ≥ 0.475
we also observe small antiferromagnetic correlation func-
tions in the equilibrium NRG results. This effect has
already been discussed in Sec. III A.
To extract a J dependent timescale, we again define a
reduced correlation function
f1.11(t) =
〈~S1~S2〉(kFR/pi = 1.11, t)− 〈~S1~S2〉min
〈~S1~S2〉max − 〈~S1~S2〉min
, (13)
where 〈~S1~S2〉min is the value of the second minimum
of 〈~S1~S2〉(kFR/pi = 1.11, t) after the first ferromagnetic
peak and 〈~S1~S2〉max is the value of the maximum of the
same function directly after the increase and before the
correlation function starts to decrease again. Here, we
modify the definition of the coupling dependent timescale
to f1.11(t
cor
1.11) = 0.75.
The reduced correlation function f1.11(t) for small cou-
plings plotted against the rescaled time t/tcor1.11 is depicted
in Fig. 10(b). Due to the rescaling, we find a universal
behavior for the increase. The coupling dependency of
the timescale is once again given by tcor1.11 ∝ J−4.1. We
can, therefore, conclude that for small couplings J the
timescale for the long-time behavior is the same and does
not depend on whether the RKKY interaction is ferro-
magnetic or antiferromagnetic.
The examination of the timescales for larger couplings,
however, turns out to be difficult since, as already men-
tioned above, the long-time behavior starts to become
more complicated than a rather simple increase of the
correlation function and instead starts to decrease for
long times.
D. Propagation of the correlation
In this section, we investigate the propagation of cor-
relations through the system. For that purpose, we com-
bine the real-time dynamics calculations for different but
fixed distances of the two impurities into two-dimensional
plots where the horizontal axis denotes the dimensionless
distance between the two impurities and the vertical axis
denotes the time.
For the coupling ρJ = 0.2 and a 1D dispersion Fig.
11(a) depicts the correlation function for times up to
tD = 1000 and distances up to kFR/pi = 7. For long
times, 〈~S1~S2〉(R, t) approaches its equilibrium value, and
the step like oscillations as found in equilibrium (see Fig.
2) caused by the RKKY interaction are already clearly
visible for times tD > 100.
In the center of the ferromagnetic correlations at the
magic distances kFR/pi = n, the black vertical lines in-
dicate that the correlation function remains almost zero.
At these distances the RKKY interaction is maximal fer-
romagnetic (see Fig. 2); however, either the even-parity
or the odd-parity conduction band decouples from the
problem. Therefore, the local impurity parity becomes
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FIG. 11. (Color online) (a) Time-dependent correlation func-
tion 〈~S1~S2〉(R, t) for ρJ = 0.2 and a 1D dispersion. (b) The
short-time behavior in more detail. The white line indicates
the Fermi velocity vF. Note that for kFR/pi = n the corre-
lation function does not evolve towards its equilibrium value
and instead remains almost zero (vertical black lines). NRG
parameters: λ = 3, Ns = 1400, Nz = 4.
a conserved quantity which leads to a fixed value for
〈~S1~S2〉(R, t) as already discussed above.
Figure 11(b) depicts the same data as in Fig. 11(a)
for times up to tD = 50 to illustrate the short-time
behavior in more detail. At kFR/pi = 0.5 a ferromag-
netic correlation evolves which then propagates with the
Fermi velocity, indicated by the white line, through the
conduction band. Directly in front of the light cone,
we observe antiferromagnetic correlations at distances
kFR/pi = (n+0.5). Such correlations outside of the light
cone were also found for the correlations between the im-
purity spin and the spin density of the conduction band
at distance R and could be traced back to the intrinsic
correlations of the Fermi sea [39]. These correlations are
already present before the impurities are coupled to the
conduction band and are a property of the Fermi sea.
One can also see that for the distances kFR/pi =
(n+ 0.5) the correlation function at first evolves towards
a ferromagnetic value for a relatively long time until it
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FIG. 12. (Color online) Time-dependent correlation function
〈~S1~S2〉(R, t) for a 2D linear dispersion. The white line in-
dicates the Fermi velocity vF. NRG parameters: λ = 3,
Ns = 1400, Nz = 4.
later approaches its expected antiferromagnetic equilib-
rium value since the RKKY interactions is antiferromag-
netic for these distances.
It becomes apparent that the correlation function re-
mains almost zero for distances kFR/pi = n after the fer-
romagnetic correlation wave has passed due to the local
parity conservation. Note that with increasing distance
R the frequency of the oscillations in N1De/o(, R) increases
and, consequently, the width of the gap becomes nar-
rower so that the energy scale on which the impurities
see the gap decreases with 1/R. The decreasing energy
scale, on the other hand, leads to a linearly increasing
timescale ∝ R at which 〈~S1~S2〉(R, t) is fixed.
In order to demonstrate that the local impurity par-
ity conservation is a special feature of certain dispersions,
Fig. 12 shows the time-dependent correlation function for
a linear dispersion in two dimensions. The normalization
functions are given by N2De/o(, R) = Γ0[1 ± J0(kFR(1 +

D ))] in this case, with the zeroth Bessel function J0(x)
[39, 40]. These hybridization functions do not exhibit a
gap for any finite distance R. Note that for vanishing dis-
tance R = 0 the odd conduction band always decouples
for all dispersions.
In two dimensions we only observe a vanishing corre-
lation function for long times at distances separating the
ferromagnetic and antiferromagnetic correlations. Unlike
before, these black vertical lines are simply caused by a
vanishing RKKY interaction for these distances. This is
in contrast to the 1D case where 〈~S1~S2〉(R, t) remained
zero for distances where the RKKY interaction is maxi-
mal ferromagnetic. Also note that the correlation func-
tion decays faster compared to the 1D case for larger
distances at large times, which is directly related to the
faster decaying RKKY interaction ∝ 1/R2 in comparison
to the ∝ 1/R decay for a 1D dispersion.
V. SUMMARY AND OUTLOOK
The equilibrium properties as well as real-time dynam-
ics of the spin-correlation function between two localized
spins at a distance R coupled to one conduction band via
a local Heisenberg interaction J were investigated using
the NRG. Since we did not add a direct exchange be-
tween the spins, spin-correlations can only be mediated
by the indirect RKKY interaction.
In order to set the stage for the non-equilibrium dy-
namics after a local interaction quench, we presented
the distance dependent equilibrium spin-correlation func-
tion for the TIKM. There is a competition between
Kondo physics and RKKY mediated singlet formation
[20, 21, 28, 29] for an AF coupling J . For a FM coupling,
the distance dependent spin-correlation function is only
weakly coupling dependent due to reduction of J in the
RG. For both signs of interactions J , the correlation func-
tion oscillates with the distance R as expected. Although
the RKKY interactions varies continuously with the well-
established cos(2kFR) oscillations in one dimension, the
spin-correlation function 〈~S1~S2〉(R, t) shows a steplike
behavior that is a reminiscent of the zero-temperature
level crossing of local singlet-triplet state energies.
For distances R with generically FM RKKY in-
teractions close to its distance dependent maximum,
〈~S1~S2〉(R, t) clearly reveals the influence of the Kondo
screening. While for R < ξK, the correlation function
is ferromagnetic as expected, 〈~S1~S2〉(R, t) can change its
sign once R exceeds the Kondo correlation length ξK.
For R→∞, two independent Kondo singlets are formed
and the spin correlation function vanishes. At finite dis-
tances and R  ξK, the sign of 〈~S1~S2〉(R, t) depends
on the magnitude of the potential scattering terms. The
difference of these terms in the even and odd channel is
related to a marginal relevant operator [24] that gener-
ates a small antiferromagnetic interaction responsible for
the sign change.
For distances with purely AF RKKY interactions, at
distances kFR/pi = (n + 1/2), we found universality in
R/ξK for the amplitude of the correlation function and a
1/R2 decay once the distance exceeds ξK, which is faster
than the 1/R decrease of the 1D RKKY interaction: The
Kondo screening of each impurity spin induces a faster
decay of the correlation function.
In the case of ferromagnetic Kondo couplings J < 0,
the amplitude remains constant even for R → ∞ since
the Kondo effect is absent. Only finite temperature
evokes a power-law decay of the correlation function,
which turns into an exponential decay once the length
scale of the finite temperature ξT is exceeded.
The non-equilibrium dynamics of the spin-correlation
function after a sudden quench shows distinct behavior
for short and for long times as a function of the distance.
The short-time dynamics is governed by the propaga-
tion of correlations via the conduction band [39] with
the Fermi velocity: A short ferromagnetic wave is propa-
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gating through the system as a consequence of the total
spin conservation since locally anti-ferromagnetic corre-
lations between the local spin and the local conduction
electron spin density are building up. Its magnitude is
defined by J3, which can be understood from third-order
perturbation theory.
We extracted the characteristic long timescale t∗ for
a fixed short distance reflecting the different mechanism
in the real-time dynamics. While for weak coupling J ,
the scaling t∗ ∝ J−4 is related to the dominating RKKY
interaction, t∗ ∝ 1/√TK reveals the dominating Kondo
effect with increasing local coupling.
The most striking feature is, however, the remarkable
non-equilibrium dynamics at the distances kFR/pi = n.
Although the RKKY interaction reaches its periodic
maxima, the correlation function only changes for short
times whereas it remains constant for long times. This
effect originates from the symmetry of the 1D dispersion
and is caused by the fact that for these distances con-
duction electron states with even-parity (n = 1, 3, . . . )
or odd-parity (n = 0, 2, . . . ) symmetry decouple from
the impurities at low temperatures. This decoupling also
enforces a dynamic local parity conservation for the im-
purity spins which leads to a conserved value of the cor-
relation function for long times.
This effect might be very useful for the implementa-
tion of spin qubits since the parity symmetry protects
the entanglement between both spins and prevents the
correlations from decaying to its equilibrium value. Usu-
ally, highly localized electrons in quantum dots are used
as qubits since the localization reduces the decoherence
facilitated by free-electron motion, but simultaneously
increases the hyperfine interaction strength between the
confined electron spin and the surrounding nuclear spins
[58–61]. Making use of symmetries such as the parity
to retain the entanglement might, therefore, be a way to
employ more delocalized electrons and thus decrease the
hyperfine interaction.
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Appendix A: Perturbative Approach for the
Real-Time Correlation Function
In this Appendix we will briefly present a perturbation
theory to show that the lowest non-vanishing contribu-
tion to the real-time dynamics of the correlation function
is given by the third order ∝ J3.
For this purpose the Hamiltonian is divided into two
parts H = H0 +HK with H0 =
∑
σ,~k ~k c
†
~kσ
c~kσ
, the free
conduction-band dispersion ~k, and HK = J
∑
i
~Si~sc(ri).
The time-dependent spin-correlation function 〈~S1~S2〉(t)
can be written as
〈~S1~S2〉(t) = Tr
[
ρI(t)~S1~S2
]
, (A1)
where the index I indicates that the operator is trans-
formed into the interaction picture, which is defined for
any operator A as
AI(t) = eiH0tAe−iH0t. (A2)
~S1 and ~S1 remain time independent since they commute
with H0. The von Neumann equation governs the real-
time evolution of ρI(t),
∂tρ
I(t) = i
[
ρI(t), HIK(t)
]
, (A3)
which is integrated to
ρI(t) =ρ0 + i
∫ t
0
[
ρ0, H
I
K(t1)
]
dt1
−
∫ t
0
∫ t1
0
[[
ρI(t2), H
I
K(t2)
]
, HIK(t1)
]
dt2 dt1,
(A4)
where we used the initial condition ρI(0) = ρ0. Replacing
ρI(t2) by ρ0 in the second integral yields an approximate
solution in O(J2). Substituting (A4) into (A1) and per-
forming a cyclically rotation of the operators under the
trace, we obtain
〈~S1~S2〉(t) ≈ Tr
[
ρ0~S1~S2
]
+ i
∫ t
0
Tr
[
ρ0
[
HIK(t1), ~S1~S2
]]
dt1 (A5)
−
∫ t
0
∫ t1
0
Tr
[
ρ0
[
HIK(t2),
[
HIK(t1), ~S1~S2
]]]
dt2 dt1.
This expression contains only expectation values that in-
volve the initial density operator ρ0 in which the impurity
spins and the conduction electrons factorize since in H0
the impurity spins are decoupled from the conduction-
band. In the absence of magnetic fields the first term
vanishes, Tr
[
ρ0~S1~S2
]
= 〈~S1~S2〉0 = 0, where the index
denotes that the expectation value is taken with respect
to the initial density operator ρ0.
For the integral kernel of the first-order correction we
obtain
〈
[
HIK(t1),
~S1~S2
]
〉0 =− J
∑
ijk
ijk
(
〈Sk1Sj2〉0〈si(r1, t1)〉0
+ 〈Sj1Sk2 〉0〈si(r2, t1)〉0
)
= 0, (A6)
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where the upper index indicates the spin component,
ijk is the Levi-Civita symbol and si(rj , t) is the time-
dependent spin component of the conduction-band elec-
trons at position rj in the interaction picture. Since all
occurring expectation values vanish, also the complete
first-order contribution in J vanishes.
Calculating the commutator of the second order yields
only terms that are proportional to 〈Si1Sj2〉0, 〈Si1Sj2Sk2 〉0,
or 〈Si1Sj1Sk2 〉0. Since all of these expectation values van-
ish, the second-order contribution is also zero.
In order to gain a non-vanishing contribution, a fi-
nite expectation values is needed which is, e.g., given
by 〈Si1Si1Sj2Sj2〉0. Such terms will occur the first time in
the third-order contribution ∝ J3. Therefore, the lowest-
order contribution to the short-time behavior of the cor-
relation function is given by the third order. This is in
accordance with the TD-NRG results that show a ∝ J3
dependence for short times.
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